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Abstract. We consider the quantized atom- field model and for the regime that 
< iJs < H' (but Hg ^ Q and Hs 0); where Hg, Hs and H' respectively 
represent the self Hamiltonians of the environment and the system, and the interaction 
between the system and the environment. Considering a single- mode quantized field we 
obtain the time-evolution operator for the model. Using our time-evolution operator we 
calculate the time-dependent pointer states of the system and the environment (which 
are characterized by their ability not to entangle with states of another subsystem) 
by assuming an initial state of the environment in the form of a Gaussian package in 
position space. We obtain a closed form for the offdiagonal element of the reduced 
density matrix of the system and study the decoherence of the central system in our 
model. We will show that for the case that the system initially is not prepared in one of 
its pointer states, the offdiagonal element of the reduced density matrix of the system 
will decay with a decoherence time which is inversely proportional to the square root 
of the mass of the bosonic field particles. 

Keywords: Foundation of quantum mechanics, Atom- field model, Decoherence, Pointer 
states of measurement. 
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1. Introduction 
1.1. Foreword 

In our previous paper [1] we discussed the pointer states of measuremenil|] and we 
presented a general method for obtaining the pointer states of a two-level system and its 
environment, for a given total-Hamiltonian defining the system-environment mode|§|. As 
we discussed in this paper, time-independence of pointer states by no means should be 
taken for granted; since time-independent pointer states can be realized only under some 
specific conditions [1]. We used our method in order to rederive the time-dependent 
pointer states of the system and the environment (initially prepared in the coherent 
state) in the Jaynes-Cummings model (JCM) of quantum optics and for the exact 
resonance regime; verifying the previous results for the JCM [21 [3]. Also, to further 
demonstrate the generality and usefulness of our method of obtaining pointer states, in 
another paper [3] we obtained the time- dependent pointer states of the system and the 
environment for the generalized spin-boson model and in the exact resonance regime. 

In this paper we study the quantized atom-field model without the assumption of 
resonance between the splitting of the states of the two-level atom uq and the cavity 
eigenmode frequency u. Our quantized atom- field model basically is consisted of a 
two-level atom, with upper and lower levels that can respectively be represented by 
I a) and \b), interacting with a single- mode quantized bosonic field (such as photons) 
inside an ideal cavity, represented by creation and annihilation operators and a. The 
Hamiltonian for the total composite system can be written as [5] 

H = ^uo&z + ua^a + gx^xX, (1) 



Where g = ~Qi2-^\J 2ne v atom-field coupling constant, with = e(a|r|6) as the 

atomic electric-dipole transition matrix element, (e is the field polarization vector and 



V is the cavity mode volume). Also x = V^rnu; so that = -|- a^l 

The main purpose of this paper is to obtain the time-dependent pointer states of 
the system and the environment, as well as expressions for the evolution of the reduced 
density matrix of the system in the regime that <^ Hs ^ H' , but Hs 7^ and 

X The pointer states of a subsystem are characterized by their abihty not to entangle with the states of 
another subsystem and appear in the diagonal state of the total composite system after premeasurement 
by the environment. As we elaborately described in [1], generally we should distinguish between the 
pointer states of a system and the preferred basis of measurement. We proved that the pointer states of 
a subsystem generally are time-dependent and a preferred basis of measurement does not exist, unless 
under some specific conditions (discussed there in [1]) for which the pointer states of measurement 
become time-independent. Moreover, the pointer states of a system necessarily are not orthonormal 
amongst themselves at all times. Therefore, necessarily they cannot form a basis for the Hilbert space 
of the system at all times. 

§ Although a reference to our other works ([1] and [4]) can be useful for the interested reader, in writing 
this paper we have tried to make it self-contained; so that the reader can well understand this work 
without a need to refer to the other two works. 
|j Here in this paper we use the atomic units wherein fi = 1. 
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Hs 7^ 0. In other words, to demonstrate how our formulation for obtaining time- 
dependent pointer states can be used in practice, here we consider a very specific 
regime of the parameter space and will obtain the corresponding pointer states of the 
system and the environment within that specific regime; as pointer states {if they exist 
in certain regimes of a system-environment model) generally depend on the specific 
regime of the parameter space which we are considering and generally acquire different 
forms in different regimes of the parameter space, even for a specifically given system- 
environment Hamiltonian. 

For the Hamiltonian of equation ([1]), as we will show here, the special regime of 
<^ Hs ^ H' is valid only and only if we have 



K J— < |^i2.e| X J-^ , w^O and ^ 0. (2) 



To show this, note that the condition Hg <^ H' requires that y ^ ^ I^i2-^l ^ \j he 
while the condition <^ Hs requires that 1 ^ Also, we should emphasize that 



we must have 7^ {Hs ^ 0) and ojq 7^ 0; as otherwise we would have zero coupling 



gX, and we cannot have Hs ^ H' (since we have gx = ~0i2-^y ^e'v ^' Therefore, as we 
see, the regime that we are considering and the results of this article are valid only in 
the specific part of the parameter space where the inequalities of equation ([2]) are valid. 
This paper is organized as follows: 

After this foreword we review our method for obtaining the pointer states of the 
system and the environment; and in section 3 we exploit it in order to calculate the 
time- dependent pointer states of the quantized atom-field model represented by the 
Hamiltonian of equation ([1]). 

In order to be able to exploit our method and obtain the pointer states of the 
system and the environment in our model, we need to know the time-evolution operator 
of our model in the regime that we are considering. This task is done in section 2. 

In section 4 we exploit the pointer states of the system and the environment (which 
we obtain in section 3) in order to study the decoherence of the central system in our 
model. Finally, in section 5 we further discuss the significance of our results and the 
conclusions. 



1.2. Review of the method 

In order to be able to obtain the pointer states of the system and the environment for an 
arbitrary total Hamiltonian defining our system-environment model we first need to find 
those probable initial states of the system which do not entangle with the states of the 
environment throughout their evolution with time; and then we should obtain their time 
evolution. Finally, we should obtain their corresponding states from the environment 
which in fact, are the pointer states of the environment. As we saw in [1], existence 
of pointer states may require having a sufficiently large environment which contains a 
large number of degrees of freedom. In other words, pointer states characterized by 
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their ability not to entangle with the states of another subsystem, do not necessarily 
exist in every arbitrary regime. 

Consider a two-state system S with two arbitrary basis states \a) and initially 
prepared in the state 

[to)) = a\a) + P\b) with |ap + = 1; (3) 

and an environment initially prepared in the state 

oo 

l'^^(^0)) = ECn|^n), (4) 
n=0 

where {|v5n)}'s are a complete set of basis states for the environment. For the two-state 
system with the two basis states \a) and \h) we can take the set of any four linearly 
independent operators in the Hilbert space of the system as a complete set of basis 
operators, which can induce any change to the initial state of the two-state system 
given by equation ([3]). For example, we can take the Pauli operators in addition to the 
identity operator I = \a){a\-\-\b){b\ as our complete set of basis operators; or equivalently 
we can take the four operators |a)(a|, \a){b\, \b){a\ and \b){b\ as our complete set of basis 
operators. So, the time evolution operator for the global state of the system and the 
environment, which (for a two-state system) generally is of the form 

?/tot(t) = E^a®4, (5) 
a=l 

Can be considered as 

UUt)=^i\a){a\+S2\a){b\+£,\b){a\+S,\b){b\. (6) 

In the above equation £^j's are operators acting on the Hilbert space of the environment, 
and depend on the total Hamiltonian defining the system-environment model. For 
example, for the Jaynes-Cummings model and for exact resonance and in the rotating 
wave approximation (RWA), it can be shown [5] that the Si^s are given by the following 
relations 



/ , /.f^ , iA c ■ sin(gtVatQ + 1 

ycva + 1 

.X sin(gtVatan ^ r— 

= -la^ — ) , 8i = cos(gtVata). (7) 

V a' a + 1 

Using equations ([3]) to ([6]) we can write the global state of the system and the 
environment as follows 

00 

= Utotit). («|a) + m) ® (E ^nM) 

n=0 

00 

= A{t) \a) + B{t) \b) with A{t) = E Cn{a£i + M (8) 

00 

and B{t) = E Cn{a4 + l^^i} \^n)- 



n=0 



re=0 
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In order to find those probable initial states of the system which do not entangle with 
the states of the environment we first define G{t) as the operator in the Hilbert space 
of the environment which relates the vectors A(t) and B(t) to each other 

A(t) = G(t)B(t) or ^c„{a^i + /34} |<^n) =G'(t)^c„{a4 + /34} Iv^n). (9) 

n n 

Now, for the global state of the system and the environment, which is given by 
\m'°\t)) = A(t) \a) + B(t) \h) = G(t)B(t) \a) + B(t) \h) 

oo 

= {G{t)\a) + \h)} X c„{a4 + I^S^} |<^n)), (10) 

n=0 

we observe that if for some initial states of the system and the environment G{t) turns 
out to become in the form 

G{t) = G{t) X ie, (11) 

with G(t) as a scalar (rather than an operator) and Is representing the identity operator 
in the Hilbert space of the environment, then those initial states of the system and the 
environment will not entangle with each other, and hence they can represent the initial 
pointer states of the system and the environment. This result simply is because of 
the fact that if for some initial states of the system and the environment G{t) turns 
out to become a scalar in the form of equation (fTTIl . G{t) will be independent of the 
indices of the environment (i.e. independent of n); as in this case all components of 
B(t) will be mapped into their corresponding components from A{t) through the same 
scalar function G{t) (which will keep the two vectors A(t) and B(t) parallel to each 
other). Therefore, in this case G(t) will not enter the summation in the expression 
J2nCn{ci^3 + f^^i} \fn) of equatiou (fTOj) : and (as one can see from equation (fTOj) ) the 
states of the system and the environment respectively represented by {G{t)\a) + \b)} 
and I]nCn{«^3 + (3^4:} I'^n) will uot entangle to each other. 

In another word, if for some initial states of the system and the environment 
A(t) = G{t)'B(t) is equal to GB(t), it means that for those initial states of the system 
and the environment B(t) becomes an eigenstate of the operator G{t); and the two 
vectors A(t) and B(t) will stay parallel with each other throughout their evolution with 
time; and as we discussed, in this case the states of the system and the environment 
will not entangle with each other and (as one can see from equation ffTOl) ) pointer states 
can be realized for the system and the environment given by 

\ ± (t)) = Af^ {G{t)\a) + \b)} and 

oo 

\^±{t)) = AT^ '(E Cn{a4 + /3^4} M). (12) 

n=0 

In the above equation we have represented the pointer states of the system by | ± (t)) 
and those of the environment by |$±(t)). Also, A/± is the normalization factor for the 
pointer states of the system (clearly A/± = ^ if |G'(t)| = 1, as for the example of the 
JCM in the exact-resonance regime). 
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The condition represented by equation (1111) in fact is the necessary condition for 
obtaining pointer states; since unless G(t) turns out to become a scalar, the two vectors 
A(t) = G{t) X B(t) and B(t) will not be parallel at all times and the operator G{t) will 
enter the summation over the environmental degrees of freedom (i.e. the summation over 
n) in equation ( ITOl) . in which case no longer the states of the system and the environment 
will be separable in a tensor product form; and pointer states cannot be realized for the 
states of the system and the environment. Also, as we discussed in generally there is 
no guaranty for the condition ( ITTi) to be satisfied; and satisfaction of this condition often 
may require having a sufficiently large environment which contains a large number of 
degrees of freedom. However, if in some regime and for a given Hamiltonian defining a 
system-environment model we can find initial states for the system and the environment 
which satisfy this condition, we do know that pointer states can be realized for the 
system and the environment and those initial states would correspond to the initial 
pointer states of the system and the environment. 

In essence, in order to find the pointer states of the system and the environment 
for a given total Hamiltonian defining our system-environment model, and for a given 
initial state of the environment, our main goal would be finding those possible initial 
states of the system for which G{t) (which is defined through equation (Q) is of the form 
of equation (ITT]) . In section 3 considering the quantized atom- field model represented by 
the Hamiltonian of equation ([T]) and for the regime that ^ Hs ^ H' (but ^ 
and Hs 7^ 0), we exploit this method to obtain the time-dependent pointer states of 
the system and the environment; by assuming an initial state of the environment in 
the form of a Gaussian package in position space. As we will see, once we have the 
time-evolution operator for our system-environment model in the form of equation ([6]) 
and the Si operators, this task can be done quite easily for our model. 



2. Calculation of the time-evolution operator 

In order to calculate the time-evolution operator in the interaction picture for the 
Hamiltonian of equation ([1]), first we need to have the Hamiltonian in the interaction 
picture, which is defined through the following equation 

H,^^{t) = e'^o*^'e-*^°*. (13) 

Here Hq = ^ojQaz + ua^a is the sum of the self Hamiltonians of the system and the 
environment; and H' = gx^xX is the Hamiltonian for the interaction between the system 
and the environment. So, now we must calculate 

where = a-\-a). However, = a^ + a^; and e*'^'"^^*/^ a± e-^'^o'^^*/^ = a± e^'''^°\ Also 
a{t) = ae-'^^K So 

H,^,{t) = g{a+ e'"«* + a. e"'""*) ® (ae"'"* + a^e'"*) 

= g{(j+(a e'^* + at €*("+'"«)*) + C.C.}, with A = cjq - (15) 
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Now in parallel with [T], for the evolution operator of the global composite system 
we consider the general form given by equation ([6]). For such time-evolution operator 
in the interaction picture, which satisfies the Schrodinger equation 

i^U{t)=Hi^tU{t), (16) 



dt 



we have 




^int(t) 



17) 



_ / a e*^* + at e*('^+'^»)* \ ( ^2 \ 

~ ^ V at e-^^* + a e'^^^+'^o)* J [ S3 J 

_ / (a e'^* + at e^^-^+^o)*) 4 (a e^^* + at eK^+^o)t) \ 
~ ^ V (at e"^^* + a e-^(^+'^o)t) (^t e"^^* + a e-^('^+^")*) 4 / ' 

Now, we assume u <^ uq; so that A ^ uq and w + ~ wo- In other 
words, in the Hamiltonian of our total composite system, given by equation ([1]), we 
assume that the self-Hamiltonian of the system dominates the self-Hamiltonian of the 
environment. Therefore, equation (fT7I) for the evolution of the time-evolution operator 
can be simplified to the following set of four equations 

li, = gxx e*'^"* S3, 
%t2 = gxx e'""* Si, 

lis = gxx e-'^'>' Si, (18) 
iii = gxx e-'"«* 4- 

In order to solve the above set of coupled differential equations, we proceed as 
follows. First, we take derivative with respect to time of the first equation. By replacing 
S3 from the third equation in the resulting equation we find 

= -(gxx)' Si + {gxxooo e*-«*) 4. (19) 

Similarly, by doing the same procedure on the third equation for S3 we find 

4 = -isxxf S3 - {gxiooo e-*""*) 4- (20) 

One can easily verify that if oJq ^ (gx)' (i-6- if Hs ^ H'), so that (gx^;)^ +00^/4, ~ 
[gXxY, the following solutions will satisfy the differential equations given by equations 
([19]) and ([20]) for Si and S3: 

51 = cos(gxxt) e''^°^^'^ and S3 = -isin(gxxt) 6'''^°^/^. (21) 
In quite the same manner we can calculate S2 and S4 as follows 

52 = -isin(gxxt) e^'^"*/^ and 4 = cos(gxxt) e'''^"*/^. (22) 

The above operators together with equation ([6]) make the time-evolution operator 
of the quantized atom-field model and for the regime that -C Hs ^ H', but Hs 7^ 
and Hs 7^ 0. One can easily verify that the above set of operators satisfies the unitarity of 
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the time-evolution operator given by U'^jj = Jjtj'^ = I (with J representing the identity 
operator). Moreover, Si{0) = 84,(0) = 1 and £^2(0) = ^^3(0) = 0. So, these operators do 
satisfy the initial condition for the time-evolution operator given by f/tot(^o) = I- 



3. Calculation of the time-dependent pointer states of the system and the 
environment 

Using the time-evolution operator which we already obtained for our model and for 
the regime that <^ Hs ^ H' (but Hs 7^ and Hs 7^ 0), now we can 
obtain the corresponding pointer states of the system and the environment in this 
regime. For this purpose we assume that the system initially is prepared in the state 
l^^-^,^^^)^ ^ a\a)+P\b). Moreover, let us assume that the initial state of the environment 
can be represented by a Gaussian package in the position space 

\^\t^))=Uj c/xe-"°"|x), (23) 



where = {^a^lixfl^ is the normalization factor for this state. Now, the condition for 
determining the pointer states of the system and the environment, given by equations 
([9D and ([n]), reads 

(aA + /34) |$^(to)) = G{t) X («4 + /34) |$^(to)); 

with Git) being proportional to the unit matrix. (24) 

(In other words, for an initial state of the system corresponding to one of its pointer 
states at t = to^ the operator G{t) must be independent of the indices of the environment, 
i.e. x). Inserting the £^j's from equations (12T|) and (l22l) into the above condition it reads 

dx [acos(gxa;t) - i/3 sin(gxxt)] e""°^ 

-00 

/OO „ 
dx \-ia sin(gxxt) + /3 cos(gxa;t)] e"""^ (25) 
-00 

and Git) he proportional to the unit matrix. 

For pointer states Git) must satisfy the condition ( fTTl) for obtaining the pointer states 
of the system and the environment, i.e. Git) = Git) x I^. Therefore, since the set {\x)} 
is a complete set of basis states for the environment, for initial pointer states we can 
simply equalize those terms from the two sides of equation (l25l) which correspond to the 
same \x) state and obtain 

^.^N _ a cosjgxxt) - i(3 sin(gxxt) ^^g) 
—ia sin(gxxt) -|- /3 cos(gxa;t) 
The above result for G{t), which generally depends on x, would contradict our initial 
assumption of G{t) being proportional to the unit matrix unless if we can find certain 
initial states for the system for which Git) turns out to become independent of x; since, 
as we discussed, for pointer states, all components of the vector A {A^ s) must be related 
to their corresponding components from B i^B^ s) through the same scalar factor G (see 
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equations and ( 1TT]) )I^ So now we should seek for those particular initial states of 
the system which can make G{t) independent of the variable x of the states of the 
environment. 

From equation (!26|) we easily see that for a = ±f3, G(t) turns out to become 

G{t) = ±6'"^°' (27) 

which clearly is independent of the variable x of the states of the environment. 

The above result simply means that for the initial states of the system obtained 

from 

«+=/3+ = ^ and a„ = -/3_ = -^, or \ ± (to)) = ^{\a) ± \b)) , (28) 

(which correspond to the initial conditions for the state of the system given by a = ±/3) 
the states of the system and the environment will not entangle with each other. 
Moreover, using equation ( !T2|) . which gives us the general time evolution of the pointer 
states of the system, and G(t) of equation ( 1271) (which is independent of the variable x 
of the states of the environment) we can find the time evolution of the pointer states of 
the system as follows 

I ± (t)) = U {G{t)\a) + \h)} = i=(e-'* \a) ± \b)). (29) 

As we observe, in the regime that we are considering {H^ ^ ^ H', with ^ 
and Hs ^ 0), G{t) and the time evolution of the pointer states of the system are 
characterized by Uq of the self-Hamiltonian of the system; unlike the exact-resonance 
with the rotating wave approximation regime where the evolution of the pointer states 
of the system is characterized by the atom-field coupling constant g and the average 
number of photons n, through the factor g/ \M [21 [3]. 

Next, we obtain the corresponding pointer states of the environment. Using 
equations ([12]), ([23]) and ([28]) we have 

\^±{t))=M-\aJs + (3j,) \^'{to)) 

= Mo{£^±£i) / dxe-"°^|a:); (30) 



oo 



since M ^a± = 1 and M = ±1. Therefore, 

|$i(t)) = (^)i r dx e-°°-'T*(sx-±-o/2)t |^^_ ^3^) 

TV J-oo 

Also, the overlap between the pointer states of the environment can be calculated as 

($_(t)|$+(t)) =e^fext)V2«o_ (32) 

We should also mention that the pointer states of the system at t = to (see 
equation (l28l) ) are orthonormal and hence, they form a complete basis set for the state 

^ We would like to sec if the condition can be satisfied for any initial state of the system and the 
environment with G{t) becoming independent of the variable x of the states of the environment. So, if 
finally we can find any specific set of initial states for the system and the environment which satisfies 
this condition with G{t) independent of the indices of the environment, then we have reached our goal. 
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of the system. Therefore, the evolution of any initial pure state of the two-level system 
I'^sito)) = a' \ + (to)) + /3' I ~ (^o)) with an initial field |$£-(to)), in the form of equation 
( l23l) . can be expressed as a linear combination of the evolution of | + (to))|$£'(to)) and 

\-{to))mto)) 

(a' I + (to)) + I - (^o))) \Mto)) -> « I + (t)) |$+(t)) + /?' I - (t)) |$-(t)), (33) 

where in the above equation the evolution of the pointer states of the system | ± (t)) 
is given by equation (l29l) and the evolution of the pointer states of the environment 
|$±(t)) is given by equation ( 13T|) . 

4. Consequences regarding the decoherence of the central system 

In this section first we use the time-evolution operator, already obtained in section 2, to 
obtain the general time evolution of the total composite system for our model and for 
an initial state of the environment in the form of a Gaussian package in position space, 
such as that of equation ( l23l) . After that, we will calculate the offdiagonal element of 
the reduced density matrix of the system (i.e. p^\t)) by tracing over the environmental 
degrees of freedom. Then, we will also obtain the coherences of the reduced density 
matrix of the system in another way by using the pointer states of the system and the 
environment obtained in section 3. As we will see, the two results will be in perfect 
agreement with each other. Finally, we will discuss some interesting features which can 
be observed in our study of the decoherence of the central system. 

Using equations ([H]), ( 1211) and ( l22l) to obtain |\l/tot(t)), we can write 

l^tot(t)) = A(t) \a) + B{t) \b) = (acos(gxxt) e*""*/^ - z/3 sin(gxxt) e'^°'/^) |$^(to))|a) 
+ {-iasm{gxxt) e-"^°^^^ + (3cos{gxxt) e"^'^"*/^) |<l>^(to))|6). (34) 

In the above equation |$^(to)) is the initial state of the environment, represented by the 
Gaussian package of equation (123|) . 

For the state of the total composite system in our model, which is given by equation 
(IMl) . we can do the trace operation over the basis states of the environment (i.e. the 
{|a;)} which make a complete basis for the state of the environment) to obtain the 
reduced density matrix of the system S 

/oo poo 
dx {X\p'°\t)\x) = / dx {x\^tot{t)){^tot{t)\x) 




dx ( |^a(x,t)|' \a){a\ + \Mx.t)\^ \b){b\+iJa{x,t)^l{x,t) \a){b\+c.c. ). (35) 



where 



t) = (— )^ [a cos(gxxt) e'"°*/2 _ sm{gxxt) 6^"°*/'] 6""°"' and 
= (— )3 [-msin(gxxt) e-'""*/2 + /3 cos(gxxt) 6-*"°*/'] e-"°"t36) 

71 

Using equations fl35|) and fl36|) . after doing the integrations we easily find 
Piait) = l-pUt) = r dx \Mx,t)\' = hi + (lap - e-fe^*)^/2-] and 

J — oo ^ 
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P^it) = r dx M^.mM = haP* + Pa*) + (a/3* - /3a*)e-fex*)V2.o]g^^o^. (37) 
J —00 z 

(In the above equation we used the notation pab = {a\ps{t)\b) and etc.) As we see from 

the above equations, for the initial pointer states of the system, for which |a| = |/3| 

(see equation (l28l) ). and also for very large times t — )■ 00, the diagonal elements of the 

reduced density matrix of the system will be equal to the constant number of |. Also, 

for the initial pointer states of the system we have p^bit) = |(a/3* + /3a* )e*'^''*. This 

means that for the initial pointer states of the system |pff,(t)| will always be equal to 

the constant value of |; while for most of the other states (for whom a/3* 7^ /3a*) only 

at sufficiently large times |pfb(t)| will converge to the constant value of |(a/3* + /3a*), 

with a decoherence time given by 

^A/2a^ h ra^ 

Tdec = = -\/ • (38) 

g X gy mu 

The reduced density matrix of a two-level system ps{t) generally can be expressed 
in terms of the Bloch vector R(t) = {Rx, Ry, Rz) [6] as follows 

ps{t) = 1(1 + R{t).a) = 1(1 + RxfTx + Ry(yy + RzfTz)] (39) 

from which one can easily verify that the Bloch vector components must be defined by 

Rx = Pab + Pba Ry = i{Pab - Pba) and R^ = Paa - Pbb- (40) 

So now, using our expressions for the elements of the reduced density matrix of the 
system, given by equation fl37j) . we can also calculate the components of the Bloch 
vector, which are a measure for the polarization of the state of the two-level system 
[HIT]. One would easily find 

Rx{t) = Pab + Plb = + cos{ujot) + z(a/3* - /3a*) sin(a;ot) e-fe>^*)'/'"°, 

Ry{t) = i{pab - Plb) = + sin(a;ot) + ^(«/3* - /3a*) cos{uQt) e-fe*)'/2"o^ (4^^ 

Rz{t) = Paa - Pbb = {\a\'- \m e-fe>^*)'/2-. 

For t — 7- 00 and % 7^ we have 

Rx{t) (a/3* + /3a*) cos(a;o^), 

Ryi^) -> -(«/3* + /3a*) sm{uot) and (42) 
Rzit) ^ 0. 



The above result simply means that at t — 00 and if x = ^/2mc^; 7^ the pointer states 
of the system will evolve between the eigenstates of the ax and ay Pauli matrices; and 
therefore, a preferred basis of measurement is not determined in the regime that we are 
considering; although the eigenstates of are excluded from being realized at t — )■ 00. 

One can easily obtain the coherences of the reduced density matrix of the system 
in another way by using the pointer states of the system and the environment which 
we obtained in section 3. As we saw, for a two-state system S in contact with 
an environment S after determination of the pointer states of the system and the 
environment, the state of the total composite system generally can be represented by 
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equation i.e. |^tot(t)) = a' \ + (t)) \<l>+{t)) + f3' \ - (t)) For |*totW) given 

by equation fl33l) the reduced density matrix of the system ps(t) can be calculated by 
tracing over the environmental degrees of freedom to obtain 

x| + X i^^m^t)) + X I - (t))(+(t)| X (43) 

So, in an arbitrary basis \a) and \b) of the state of the two-level system generally we 
have 

ptit) = l-pgit) = \af X {a\ + (t))(+(t)|a) + x (a| - (t))(-(t)|a) + 

x(a| + (t))(-(t)|a) X ($_(t)|<|.+(t)) + /3V* x (a| - (t))(+(t)|a) x (<|.+(t)|<|._(t)) (44) 

and pf,(t) = |af x (a| + (t))(+(t)|6) + x (a| - (t))(-(t)|6) + 

x(a| + it)){-it)\b) X (<|._(t)|$4t)) + /3V* X {a\ - (t))(+(t)|6) x {^4t)\^_it)). 

The expansion coefficients a' and /?' for the state of the two-level system in the 
basis of the | ± (to)) states are related to the corresponding coefficients in the \a) and 
\b) basifl through a' = -^{a + l3) and l3' = ^{a — l3). So now, for our quantized 
atom-field model and in the regime that we are considering one can use equations (l29ll 
and ( l32l) to calculate the expressions in equation (jH]) for the elements of the reduced 
density matrix of the system; obtaining exactly the same results as those of equation 

dHZD. 

One could similarly study the decoherence of the state of the system in the basis of 
the I ± (to)) states. As one can see from equation (!29l) . for t <^ the pointer states 
of the system approximately can be represented by | ± (to))- Therefore, in the basis of 
the I ± (to)) states the short-time evolution of the off-diagonal element of the reduced 
density matrix of the system should be given by 

pUt) ~ a'/3'*($-(t)|<l>+(t)) = a'/3'* e"fe^*)'/2ao ^45) 

Hence, in the basis of the | ± (to)) states the short-time decoherence of the state of 
the system is characterized by the decaying factor e~^^^*^^/^"°, when the system initially 
is not prepared in one of its pointer states {a'f3'* 7^ 0); while in this basis the pointer 
states of the system (for whom a'(3' = 0) almost do not decohere within short times; 
and pf2{t) ~ at all short times (i.e. for t <^ cuq^ for which | ± (t)) ^ | ± (to))). 

Finally, let us study whether the short-time decay of pf2(t), given by equation ( 145|) . 
might be reversible or not. As we will show here, the coherences of the reduced density 
matrix of the system, may revive at a later time. In such cases, of course we cannot 
have irreversible decoherence. 

Using equation ( H4|) for the offdiagonal element of the reduced density matrix of 
the system and equations (29) and (32), we can calculate the all-time evolution of pf2(t) 
for the regime that we are considering and in the basis of the initial pointer states of 

+ Now by I a) and \b) we mean the upper and lower levels of the two- level system; i.e. \a) and \b) no 
longer are some arbitrary basis states for the state of the two-level system. 
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the system | ± (to)) as follows 




(gXt)V2ao 



(46) 



(47) 



Therefore, except for \a'\ = \/3'\, in the basis of the initial pointer states of the system 
and for t oo the offdiagonal element of the reduced density matrix of the system, 
pfj) will t)G oscillating with the frequency of Uq. As a result, we should note that the 
short-time decay, represented by equation can be reversible; as pf2(t) may revive 
at a later time. 

5. Summary and conclusions 

Considering the quantized atom-field model of quantum optics, we obtained the time- 
evolution operator for the regime that <^ Hs ^ H' (but Hs 7^ and Hg 7^ 0). Using 
this time-evolution operator then we calculated the corresponding pointer states of the 
system and the environment, which are characterized by their ability not to entangle 
with each other, by assuming an initial state of the environment in the form of a Gaussian 
package in position space. Most importantly, we observed that for our model represented 
by the Hamiltonian of equation ([T]) the pointer states of the system turn out to become 
time- dependent, as opposed to the pointer states of some simpler models, which often are 
cited in the context of quantum information and quantum computation [8-15]. However, 
in most of the practical situations different noncommutable perturbations may exist in 
the total Hamiltonian of a realistic system-environment model, which would result in 
having time-dependent pointer states for the system [1]. Indeed, the authors believe that 
the fact that the pointer states of a system generally are time- dependent and may evolve 
with time has not been seriously acknowledged in the context of quantum computation 
and quantum information. In specific, in the context of quantum error correction [m[T2] 
it is often assumed that the premeasurement by the environment does not change 
the initial pointer states of the system. In other words, quantum "nondemolition" 
premeasurement by the environment often is assumed [TTl [T2] : as is also assumed in 
the Von Neumann scheme of measurement [Ml [7] . Also, in the context of Decoherence- 
Free-Subspaces (DFS) theory the models which often are studied either contain self- 
Hamiltonians for the system which commute with the interaction between the system 
and the environment, or it is assumed that we are in the quantum measurement limit^ 

* In the quantum measurement limit the interaction between the system and the environment is 
so strong as to dominate the evohition of the system H w ^^int- Also in the quantum limit of 
decoherence the Hamiltonian for the system almost dominates the interaction between the system 
and the environment as well as the self-Hamiltonian of the environment H « Hg- 
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or in the quantum limit of decoherence [SI [T31 [HI [U] • However, all of these assumptions 
are in fact a simplification of the problem; since, as we discussed in |1], they completely 
exclude the possibility of having pointer states for the system which may depend on 
time. 

Using the time-evolution operator obtained in section 2, we also obtained a closed 
form for the elements of the reduced density matrix of the system, and studied the 
decoherence of the central system in our model. We showed that for the case that the 
system initially is not prepared in one of its pointer states and in the basis of the initial 
pointer states of the system (i.e. the | ± (to)) states), the short time (t ^ uJq^) evolution 
of the offdiagonal elements of the reduced density matrix of the system will demonstrate 
decoherence, with a decoherence factor given by e"*-^-^*^^/^"" ; and a decoherence time 
which is inversely proportional to the square root of the mass of field particles. 

It will be interesting to generalize this study to the case that the environment is not 
merely represented by a single-mode bosonic field; and consider some classes of spectral 
densities for the environment. Also, for the model represented by the Hamiltonian of 
equation ([!]) at least in principle one should be able to obtain the pointer states of the 
system and the environment in some other regimes of the parameter space. 
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